Abstract. We develop a homotopy theory for additive categories endowed with endofunctors, analogous to the concept of a model structure. We use it to construct the homotopy theory of a Hovey triple (which consists of two compatible complete cotorsion pairs) in an arbitrary exact category. We show that the homotopy category of an exact model structure (in the sense of Hovey) in a weakly idempotent complete exact category is equivalent to the subfactor category of cofibrant-fibrant objects as pre-triangulated categories.
Introduction
The starting point to "do homotopy theory" is the localization of a category with respect to a class of morphisms. But in general one has little control over the morphisms in the corresponding homotopy category. An excellent way to overcome this difficulty is Quillen's theory of model structures, which are structures consisting of three classes of morphisms (called cofibrations, fibrations and weak equivalences) satisfying five axioms [22] . There are two advantages of a model structure: one is that we can realize the homotopy category as the subfactor category of cofibrantfibrant objects; the other one is that the model structure may induce a Z-linear structure and a pre-triangulated structure on the corresponding homotopy category [22, 13] .
However, the work of Happel [11] and the recent work of Iyama and Yoshino [16] show that for some additive categories with suspensions (in the sense of Heller [12] ) and a class of morphisms determined by some homologically finite subcategories, one can do the same homotopy theory independent of model structures. Even we can model their work, but it seems superfluous. In this paper, we provide a framework for general additive categories with suspensions to construct homotopy theory based on the work in [21] . There we find the partial one-sided triangulated structures in additive categories with suspensions and show that they are proper settings for the construction of one-sided triangulated categories. Our framework covers many instances in algebra and geometry where homotopy theories are constructed. Compared with Quillen's theory, it seems more flexible and there is no obvious, at least to the author, a model structure for our homotopy theory.
We now give some details about our results. In an arbitrary additive category A, we introduce the notion of a localization triple which consists of three full additive subcategories C, X and F of A satisfying some conditions such that we can do localization for A with respect to a class S of morphisms of A decided by them. We define the homotopy category Ho(C, X , F ) of a localization triple (C, X , F ) to be the corresponding localization A[S −1 ] which is equivalent to the subfactor category
Preliminaries
In this section we recall some basic facts and notions on partial one-sided triangulated categories in [21] .
Stable categories of additive categories. Let C be an additive category and X an additive subcategory of C. We denote by C/X the stable or factor category of C modulo X . Recall that the objects of C/X are the objects of C, and for two objects A and B the Home space Hom C/X (A, B) is the quotient Hom C (A, B)/X (A, B), where X (A, B) is the subgroup of Hom C (A, B) consisting of those morphisms factorizing through an object in X . Note that the stable category C/X is an additive category and the canonical functor C → C/X is an additive functor. For a morphism f : A → B in C, we use f to denote its image in C/X .
Right triangulated categories.
If H is an arbitrary category endowed with a functor Σ : H → H (such a category is called a category with suspension [12] ), then a right Σ-sequence in H is a sequence of the form A 
(RT4) For any three right triangles:
and
such that the second column from the right is a right triangle.
When the endofunctor Σ is an auto-equivalence, a right triangulated category (T , Σ, ∆) is a triangulated category in the sense of [26] . The notion of a left triangulated category is defined dually.
Partial right triangulated categories. Let A be an additive category endowed with an additive endofunctor Σ : A → A. If X is an additive subcategory of A, then a morphism f : A → B in A is said to be an X -monic if the induced morphism f * = Hom A (f, X ) : Hom A (B, X ) → Hom A (A, X ) is surjective. The notion of an X -epic is defined dually. Recall that a morphism f : A → X in A is called an X -preenvelope (also called a left X -approximation of A in the literature) if f is an X -monic and X ∈ X . Dually a morphism g : X → A is called an X -precover if g is an X -epic and X ∈ X . If C is an additive subcategory of A, then a right Σ-sequence
, and h is a weak cokernel of g.
Definition 2.2. ([21, Definition 2.2]) Let
A be an additive category endowed with an additive endofunctor Σ. Let X ⊆ C be two additive subcategories of A and R(C) a class of right C-sequences (called right C-triangles). The quadruple (A, Σ, R(C), X ) is said to be a partial right triangulated category if R(C) is closed under isomorphisms and finite direct sums and the following axioms hold:
with X ∈ X , if α factors through f , then γ factors through s.
(PRT3) If the rows of the following diagram are in R(C) with the leftmost square commutative, then there is a morphism γ : C → C ′ making the whole diagram commutative:
such that the second column from the right is in R(C) with r an X -monic.
The notion of a partial left triangulated category is defined dually.
The triangulation of the subfactors of partial one-sided triangulated categories. Let (A, Σ, R(C), X ) be a partial right triangulated category. For each A ∈ C, we fix a right C-triangle
Then there is a functor Σ X : C/X → C/X by sending each object A to U A and each morphism f : A → B to κ f , where the morphism κ f is defined by the following commutative diagram:
A standard right triangle in the subfactor category C/X is an induced right
with f an X -monic in C and the following commutative diagram
Denote by ∆ X the class of right Σ X -sequences in C/X which are isomorphic to standard right triangles. The right triangles in ∆ X are called distinguished right triangles.
− − → A with π A an X -precover, then we can define an additive endofunctor Ω X : C/X → C/X , and the standard left triangles in C/X . Denote by ∇ X the class of left Ω X -sequences in C/X which are isomorphic to standard left triangles. Then we have:
The homotopy categories of additive categories
In this section, we define the homotopy category of an additive category based on the notion of a localization triple.
The localization of categories. 
is an isomorphism for each s ∈ S, and (ii) whenever F : A → B is a functor carrying elements of S to isomorphisms, there exists a unique functor
The second condition of Definition 3.1 shows that any two localizations of A with respect to S are canonically isomorphic. A general construction of the category A[S −1 ] is given by Gabriel and Zisman [7] , but there is a foundational set-theoretic obstruction to its existence.
The homotopy category of an additive category. Let A be an additive category. Assume C, D and X are three additive subcategories of A such that X ⊆ C ∩ D. We denote by 
Now we fix a localization triple (C, X , D) in an additive category A. 
andf is uniquely determined by f in the stable category A/X . Remark 3.5. The uniqueness statement in Lemma 3.3 implies that we can define a functor Q : A/X → C/X by sending A to Q(A) and f : A → B tof , which is a right adjoint of the inclusion C/X ֒→ A/X . Similarly, Lemma 3.4 implies that we can define a functor R : A/X → D/X by sending A to R(A) and f tof , which is a left adjoint of the inclusion D/X ֒→ A/X . Let Mor(A) be the class of morphisms in A. Then we define
For each object A ∈ A, the morphism r A : Q(A) → A is in S and j A : A → R(A) is in S if A ∈ C. By Lemmas 3.3-3.4, S satisfies two out of three property.
Lemma 3.7. Let B be a category, and let F : A → B be a functor which takes elements of S to
is an isomorphism by assumption. Thus Proof. We define a category A[S −1 ] as follows, it has the same objects as A and for A, B ∈ A,
where R, Q are defined in Remark 3.5. Then there is a functor γ : A → A[S −1 ] which is identity on objects and sends a morphism f :
. By Remark 3.5, γ is a functor which sends elements of S defined as in (3.6) to isomorphisms. Let F : A → B be a functor that takes elements of S to isomorphisms in B. We will show that there is a unique functor
only depends on f ′ , and therefore only on f , so we can define
This shows that F ′ is a functor. To see that F ′ • γ = F , we note that γ is the identity on objects, and F ′ was defined to agree with F on objects. If f : A → B is a morphism in A, by Lemmas 3.3-3.4 we have a commutative
Since F takes elements of S to isomorphisms in B, we have
The category A[S −1 ] in Theorem 3.8 will be called the homotopy category of the localization triple (C, X , D) and we will use Ho(C, X , D) to denote it.
is an isomorphism and the embedding E : (C ∩ D)/X ֒→ Ho(C, X , D) is fully faithful, we know that the embedding E is an equivalence. In particular, Ho(C, X , D) is an additive category.
(ii) One reason for us not using (C ∩ F )/X as the homotopy category of a homotopy triple is since C ∩ F is inadequate, because many constructions in homotopy theory create objects that may not be in C ∩ F . Example 3.10. (i) Let A be an additive category and X an additive subcategory of A. Then (A, X , A) is a localization triple and S is the class of stable equivalences. Here a morphism f : A → B is said to be a stable equivalence if its image f is an isomorphism in A/X , i.e. there is a morphism g : B → A such that both g • f − 1 A and f • g − 1 B factor through some object in X . The corresponding homotopy category is the stable category A/X .
(ii) Let R be a ring. Take A to be the category of chain complexes of right R-modules, C the subcategory of DG-projective complexes and X the subcategory of acyclic DG-projective complexes, then (C, X , A) is a localization triple. In this case, the class S as defined in (3.6) is just the class of quasi-isomorphisms, thus the corresponding homotopy category is the derived category D(R) of right R-modules.
Stabilizing subcategories of partial one-sided triangulated categories
In this section we introduce the notion of stabilizing subcategories for partial one-sided triangulated categories and show that the stable categories of stabilizing subcategories are one-sided triangulated categories.
Stabilizing subcategories. Let (A, Σ, R(C), X ) be a partial right triangulated category. Assume that G is an additive subcategory of A such that X ⊆ G ⊆ C. Then G is said to be special preenveloping in C if for each A ∈ C, there is a right C-triangle A
A is a G-preenvelope and W A ∈ ⊥ C/X G (we fix one). If G is a special preenveloping subcategory of C, then by Remark 3.5, the embedding E C : G/X ֒→ C/X has a left adjoint R : C/X → G/X by sending A to R(A) and f : A → B tof : R(A) → R(B), wheref is as defined in Lemma 3.4.
If (A, Σ, R(C), X ) is a partial right triangulated category, the subfactor category C/X has a right triangulated structure (Σ X , ∆ X ) by Theorem 2.5. For any morphism f : A → B in C, there is a
Definition 4.1. Let (A, Σ, R(C), X ) be a partial right triangulated category. A special preenveloping subcategory G of C is said to be stabilizing if for any diagram of the form
where the rows are right triangles in ∆ X , there is a morphism t : C → D such that the whole diagram commutative and R(t) is an isomorphism in G/X . Remark 4.2. The subcategory C is always stabilizing in (A, Σ, R(C), X ) since we can take R(A) = A for each object A ∈ C and the existence of t is guaranteed by [21, Lemma 2.4 (ii)]. Now assume that G is stabilizing in the partial right triangulated category (A, Σ, R(C), X ). Let
We use ∆ X (G) to denote the class of right G X -sequences which are isomorphic to standard right triangles in G/X .
Proof. Assume that the corresponding distinguished right triangle of R(f ) =f :
Since G is stabilizing, there is a morphism t : C → D such that R(t) is an isomorphism in G/X and the following diagram of distinguished right triangles is commutative:
Since the second row is a standard right triangle in G/X and R(t) is an isomorphism, we know that the first row is in ∆ X (G). 
(RT3) Assume that we have a diagram of standard right triangles in G/X
with the leftmost square commutative. Then there is a morphism t : C → C ′ making the following diagram of right triangles commutative
by the (RT3) axiom of ∆ X . Thus R(t) : R(C) → R(C ′ ) is the desired filler.
(RT4). Assume that we have three standard right triangles
Then we have a commutative diagram of distinguished right triangles in C/X by the (RT4) axiom of ∆ X :
such that the second column from the right is in ∆ X . Thus we have a commutative diagram in G/X :
By Lemma 4.3, the second column from the right is in ∆ X (G).
Dually, let (A, Ω, L(F ), X ) be a partial left triangulated category and G an additive subcategory of A satisfying X ⊆ G ⊆ F . Then G is said to be special precovering in
⊥ F/X (we fix one). If G is a special precovering subcategory of F , then by Remark 3.5, the embedding E F : G/X ֒→ F /X has a right adjoint Q : F /X → G/X by sending A to Q(A) and f : A → B tof : Q(A) → Q(B), wheref is as defined in Lemma 3.3. Furthermore, by Theorem 2.5, the subfactor category F /X has a left triangulated structure (Ω X , ∇ X ). Similar to the Definition 4.1, G is said to be stabilizing if for any diagram of the form
where the rows are the distinguished left triangles in ∇ X , there is a morphism s : K → L such that the whole diagram commutative and Q(s) is an isomorphism in G/X . Note that F is always stabilizing in (A, Ω, L(F ), X ).
Denote by H X = Q • Ω X • E F , and for each morphism f : A → B in G, we call the left H Xsequence H X (B)
We use ∇ X (G) to denote the class of the left H X -sequences which are isomorphic to standard left triangles in G/X . We have the dual of Proposition 4.4: Proposition 4.5. Let (A, Ω, L(F ), X ) be a partial left triangulated category with G a stabilizing subcategory. Then (G/X , H X , ∇ X (G)) is a left triangulated category.
Pre-partial triangulated categories
In this section we introduce the new concept of a pre-partial triangulated category and show that it is a proper setting to construct pre-triangulated categories.
Pre-triangulated categories. We recall the definition of a pre-triangulated category: 
where the upper row is in ∆, the lower row is in ∇, and ε C ′ is the counit of the adjoint pair (Ψ, Φ), there exists a morphism γ : C → B ′ making the diagram commutative. (c) For any diagram in T with commutative right square:
where the upper row is in ∆, the lower row is in ∇, and η A is the unit of the adjoint pair (Ψ, Φ), there exists a morphism γ : B → A ′ making the diagram commutative.
We give an equivalent definition of a pre-triangulated category which is easier to be verified: 
Lemma 5.2. Let T be an additive category admitting a right triangulated structure (Ψ, ∆) and a left triangulated structure (Φ, ∇) such that (Ψ, Φ) is an adjoint pair. Then (T , Ψ, Φ, ∆, ∇) is a pre-triangulated category if and only if the following two conditions hold: (b ′ ) For any diagram in T :
where the upper row is in ∆, the lower row is in ∇, and η A is the unit of the adjoint pair, there exists a morphism γ : B → B ′ making the whole diagram commutative.
Proof. If (T , Ψ, Φ, ∆, ∇) is a pre-triangulated category, then both the condition (b ′ ) and (c ′ ) hold since they are special cases of (b) and(c) of Definition 5.1. Conversely, assume that the conditions (b ′ ) and (c ′ ) hold. We will show that Definition 5.1 (b)-(c) are satisfied. For Definition 5.1 (b), consider the following diagram in T with commutative left square:
where the upper row is in ∆, the lower row is in ∇, and ε C ′ is the counit of the adjoint pair
Then there is a commutative diagram of right triangles in ∆ by (RT3):
By the condition (b ′ ), we have the following commutative diagram: 
where the upper row is a right C-triangle with f an X -monic and the lower row is a left F -triangle with w an X -epic. Then (i) if there is a morphism γ :
, where the upper row is the fixed right C-triangle for A ∈ C ∩F and the lower row is in L(F ) with w an X -epic, then α factors through i A if γ factors through w.
(e) For any commutative diagram
• γ, where the lower row is the fixed left F -triangle for D ∈ C ∩ F and the upper row is in R(C) with f an X -monic, then γ factors through π D if α factors through f . Now assume that (A, Ω, Σ, L(F ), R(C), X ) is a pre-partial triangulated category. Then the subfactor category (C ∩ F )/X has a right triangulated structure (G X , ∆ X (C ∩ F )) as constructed in Proposition 4.4 and a left triangulated structure (H X , ∇ X (C ∩ F )) as constructed in Proposition 4.5. We have the following result: 
induced by j
We claim that there is a bijection ϕ A,B : Hom C/X (U A , B) → Hom F /X (A, U B ) which is natural in A, B by sending f ∈ Hom C/X (Σ X (A), B) to −κ, where κ is constructed by applying Definition 5.5 (c)(i) to the following diagram
where the existence of σ is since π B is an X -precover. That is, κ satisfies σ
. By Definition 5.5 (d), if f factors through π B , then κ factors through i A , and thus κ is determined uniquely by f . By the naturality of ψ B,UB in B and U B , we have
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]). Thus if κ factors through i
A , then f factors through π B by Definition 5.5 (e), and so f is also determined uniquely by κ. So ϕ A,B is a bijection. The naturality of ϕ A,B in A, B can be verified directly. Therefore we have a bijection
which is natural in A, B ∈ (C ∩ F )/X , and then (G X , H X ) is an adjoint pair on (C ∩ F )/X .
is a right C-triangle with g an X -monic. Then by Definition 5.5 (c)(i), there is a morphism α : B → K such that the following diagram is commutative
By the proof of Lemma 5.6, there is a commutative diagram
). Then we have the following commutative 
Proof. In this case, Definition 5.5 (c) can be proved by Definition 2.2 (PRT3) and its dual, and Definition 5.5 (d)-(e) can be proved by Definition 2.2 (PRT2) and its dual. We leave the details to the reader. By Lemma 5.9, a partial triangulated category in the sense of [21, Definition 6.3 ] is a pre-partial triangulated category. (ii) Let C be an additive category and X an additive subcategory of C. Assume that every object in C has both an X -preenvelope and an X -precover, any X -monic has a cokernel and any X -epic has a kernel in C. Then there are a partial right triangulated category (C, 0, R(C), X ) by [21, Proposition 4.1] and a partial left triangulated category (C, 0, L(C), X ) by [21, Proposition4.2] . In this case, a right C-triangle is just a right exact sequence and a left C-triangle is just a left exact sequence, so Definition 5.5 (c)-(e) hold. Moreover, C is stabilizing both in (C, 0, R(C), X ) and (C, 0, L(C), X ). Then (C, 0, 0, L(C), R(C), X ) is a pre-partial triangulated category. In particular, the stable category C/X is a pre-triangulated category by Theorem 5.7, this is just the [4, Corollary 4.10].
(iii) Let A be an Artin algebra. Denote by C = modA the category of finitely generated right A-modules and X = P(A) the subcategory of finitely generated projective A-modules. Then every object in C has an X -precover and an X -preenvelope, and thus (C, 0, 0, L(C), R(C), X) is a pre-partial triangulated category, and the corresponding stable category C/X = modA is a pretriangulated category.
The homotopy theory of Hovey triples
In this section we first recall some basic facts and notions for exact categories and then show that the homotopy theory of exact model structures can be covered by our homotopy theory. Recall that an exact structure on an additive category A is a class E of kernel-cokernel sequences which is closed under isomorphisms and satisfies the following axioms due to Quillen [23] 
op For any inflation i : C → D and any morphism g : C → C ′ , there is a pushout diagram such that i ′ is an inflation:
An exact category is a pair (A, E) consisting of an additive category A and an exact structure E on A. We refer the reader to [6] for a readable introduction to exact categories. Sometimes we suppress the class of E and just say that A is an exact category.
In an exact category (A, E), we can define the Yoneda Ext bifunctor Ext The cotorsion pair (C, F ) is called complete if it has enough projectives, i.e. for each A ∈ A there is a conflation F → C → A such that C ∈ C, F ∈ F , and enough injectives, i.e. for each A ∈ A, there is a conflation A → F ′ → C ′ such that C ′ ∈ C, F ′ ∈ F . Follow [9, Definition 3.1], a triple (C, W, F ) of classes of objects in an exact category (A, E) is called a Hovey triple if W is a thick subcategory of A and both (C, W ∩ F ) and (C ∩ W, F ) are complete cotorsion pairs in A. Recall that the subcategory W is called thick if it is closed under direct summands and if two out of three of the terms in a conflation are in W, then so is the third.
If L is an additive subcategory of the exact category (A, E), we will always denote by Proof. Since (C, W ∩ F ) is a complete cotorsion pair, for each object A ∈ A, there is a conflation W A ωA − − → Q(A) rA − − → A such that Q(A) ∈ C and W A ∈ W ∩ F . In particular, r A is a C-precover. We claim that W ∩ F ⊆ C ⊥ A/X . In fact, if A ∈ W ∩ F , then Q(A) ∈ X = C ∩ W ∩ F since W ∩ F is closed under extensions. For any morphism f : C → A with C ∈ C, then f factors through r A and then it factors through Q(A) ∈ X . So W ∩ F ⊆ C ⊥ A/X , in particular, W A ∈ C ⊥ A/X . Similarly, since (C ∩ W, F ) is a complete cotorsion pair, for each object A ∈ A there is a conflation
A with R(A) ∈ F and W A ∈ C ∩ W ⊆ ⊥ A/X F . Since both C and F are closed under extensions, we know that if A ∈ F , then Q(A) ∈ C ∩ F , and if A ∈ C, R(A) ∈ C ∩ F . Thus (C, X , F ) is a localization triple.
The above Lemma shows that we can define the homotopy category of the Hovey triple (C, W, F ) to be the corresponding homtopy category of the localization triple (C, X , F ). Moreover, the embedding E C : (C ∩ F )/X ֒→ C/X has a left adjoint R| C/X which is the restriction of R : A/X → F /X as constructed in Remark 3.5. Dually, the embedding E F : (C ∩ F )/X ֒→ F /X has a right adjoint Q| F /X which is the restriction of Q : A/X → C/X as constructed in Remark 3.5.
Lemma 6.3. C ∩ F is stabilizing in both (A, 0, R(C), X ) and (A, 0, L(F ), X ).
Proof. We only prove that C ∩ F is stabilizing in (A, 0, R(C), X ) since the other case can be proved dually. By the proof of Lemma 6.2, we know that C ∩ F is a special pre-enveloping subcategory of C. Assume that we have a diagram of the form:
where the rows are distinguished right triangles in C/X . By [2, Proposition 1. 
such that the first three rows and the first three columns are right triangles in ∆ X . Moreover, every square is commutative except for the bottom right one. Without loss of generality, we may assume that the right triangle
and W is thick, we know that W ∈ C ∩ W. We claim that R| C/X (t) is an isomorphism in (C ∩ F )/X . In fact, apply [2, Proposition 1.1.11] again, we have the following diagram
such that the first three rows and the first three columns are right triangles in ∆ X . Similar to the previous discussion, we know that W ′′ ∈ C ∩W. Without loss of generality, we assume that the right
Now we can prove our main result for a Hovey triple. 
A since v is a monomorphism. Dually, we can prove Definition 5.5 (e).
By Theorem 5.7 and the above theorem, we have The homotopy theory of exact model categories. Recall that in a model category A, there are three classes of morphisms, called cofibrations, fibrations and weak equivalences. A morphism which is both a weak equivalence and a (co-)fibration is called a trivial (co-)fibration. For details about model categories, we refer the reader to [22] or [13] . Given a model category A, an object A ∈ A is called cofibrant if 0 → A is a cofibration, it is called fibrant if A → 0 is a fibrantion, and it is called trivial if 0 → A is a weak equivalence. An exact model category is a weakly idempotent complete (i.e. every split monomorphism is an inflation) exact category which has a model structure such that the cofibrations are inflations with cofibrant cokernels and the fibrations are the deflations with fibrant kernels [14 [8, Theorem 3.3] , there is an exact model structure M such that C is the class of cofibrants, F is the class of fibrants and W is the class of trivial objects. In this case, a weak equivalence is a morphism f which factors as f = p • i where i is an inflation with a cokernel in C ∩ W and p is a deflation with a kernel in W ∩ F .
By [5, Theorem VII.4.2] , if M is an exact model structure induced by a Hovey triple (C, W, F ) in an exact category A, then the homotopy category Ho(M) of M is equivalent to the subfactor category (C ∩ F )/X , where X = C ∩ W ∩ F and Ho(M) is the localization of the category A with respect to the weak equivalences. In this case, by [22, Proposition I.5 .1] and [8, Proposition 4.4] , the class of weak equivalences coincides with the class S defined as in (3.6) . By [22, Proposition I.1.3.5] (see also [13, Subsection 6.3] ), the homotopy category Ho(M) has a pre-triangulated structure induced by the model structure M. By Theorem 6.4, the subfactor category (C ∩ F )/X also has a pre-triangulated structure induced by the pre-partial triangulated structure (0, 0, L(F ), R(C), X ). The following result shows that the equivalence between Ho(M) and (C ∩ F )/X preserves pretriangulated structures. Proof. Denote by γ M : A → Ho(M) the localization of A with respect to the weak equivalences. Note that for each object A in A, the special C-precover r A : Q(A) → A in the proof of Lemma 6.2 is the cofibrant replacement in the model category A, and the special F -preenvelope j A : A → R(A) is the fibrant replacement. Therefore, by Quillen's homotopy category theorem [22, Theorem I.1.1],
